Derivationswith theidentity sign

We need some new rules governing our identity predicate, “=". Now, our ordinary predicate
logic rules apply to formulas with the identity sign; for example, the following is an acceptable
use of universal out:

Ox(FX — x=4)
But we need some distinctive rulesfor “=", since “=" isa specia predicate.
First, we need arule that allows us to use an identity sentence. If we have
a=b
and
Fa
available, we should be able to infer:
Fb
After dl, the predicate “F” appliesto a, and aisthe samething asb. Similarly, if we had “a=b”,

and “Fb”, we should be able to infer “Fa’. Likewise, the following should be an acceptable
inference:

In general, we should be able to “substitute for identicals’. That is, if we have “a=b” available,
then in any formula, we should be able to change “a’sto “b”s, since aand b are the same thing;
and we should also be ableto change “b”’sto “a’s. Thisrulewecall “Leibniz’s Law”, and
summarize as follows:

LL

n=m n=m * nand m are any two names

qnj @dmj * @[n] isany formula containing some “n’s; ¢g(m] is any
formula containing some“m”s

@dm/n] @n/m] * @m/n] is @ n] with some or all of the “n”s changed to

“m’s; @dn/m] is @ m] with some or all of the “m”s changed
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Notice that we are allowed to leave some of the “n”swhen we change “n”"sto “m”s. For
example, suppose “H” standsfor “hates’, “s’ stands for “Superman”, and “c” stands for “Clark”.
Then the following are all correct applications of Leibniz's Law:

s=Cc s=Cc s=Cc
Hss Hss Hss
Hsc Hcs Hcc

In the first two cases, we left in some “s’s; in the last one, we took out both “s’s. And these
correspond to intuitively valid arguments: if Superman and Clark Kent are one and the same
person, and if Superman hates Superman, then it should follow that Superman hates Clark, Clark
hates Superman, and Clark hates Clark.

LL appliesto complex formulas as well as atomics. For example, the following would be a
legitimate use of LL:

1. Ox(Fx - Ga)
2.a=b
3. Ox(Fx - Gb) 12LL

LL allowsusto useidentities (formulaslike “a=b”) if we aready have them in our derivations.
We dtill need away to get identities into our derivations if we have none to begin with. And
thereisjust one way to do this. Even if we know nothing about a certain thing, a, we should be
ableto infer that a=a. In fact, thisinference needs no premises whatsoever, since every object is
identical to itself. So our second rule, the rule of “Reflexivity”, is asfollows:

Rx

n=n * n can be any name

Notice that the only annotation needed for ause of thisruleis“Rx”. No line numbers are
needed, because Rx needs no “input”.

Here's an example of aderivation using our two rules:

1. [X(x=x) - [XRax Pr.



Shew [XRbx
a—a
[X(X=X)
[(XRax
Rac
Rbc
[XRbx
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Pr.

DD

Rx

4,0
15-0
6, (IO
2,7LL
8,01

| now want to introduce two derived rules. Thefirst expresses the “transitivity of identity”:

Trans

*n, m, and | are any
* three names

Itisa“derived” rule because we can actually get to its conclusion using the two rules we aready
have. For example, suppose we have “a=b” and “b=c” as premises. We can then derive“a=c” as

follows.

1. a=b
2.b=c

3. a=C
4, a=Cc

DD
LL 1,2

The other derived rule | want to introduce is“symmetry”:

Sym

It too isaderived rule, in virtue of derivations like the following:

a=b

1.

2. b=a
3. STW a=a
4, b=a

Pr.

DD
1L1LL
13LL

Here, inthefirst useof LL, weused line 1 twice. Welet “n” be“a’ and welet “m” be“b”; and



we let our ¢n] beline 1itself (i.e., “a=b"). LL saysthat we can change “b’sto“a’sin“a=b"; so

we get “a=a’. Then in moving from 1 and 3 to 4, we changed one of the“a’sinline3toa“b”.
(Recall that we don’t need to change all of the“a’sto “b’s.)

Let’s now consider some examples:

1. Shew [IXOy[x=y — 0z(Rxz - Ryz)] ubD
2. Shew [y[a=y — [z(Raz - Ryz)] ubD
3. Shew a=b - [z(Raz —~ Rbz) CD
4, a=b As.
5. Shew [1z(Raz - Rbz) ub
6. Shew Rac — Rbc DD
7. Shew Rac - Rbc CD
8. Rac As
0. Rbc DD
10. Rbc 48, LL
11. Shew Rbc - Rac CD
12. Rbc As.
13. Rac DD
14. Rac 124 LL
15. Rac - Rbc 711 o |
1 Shew [IX[FX o Oy(y=x - Fy)] ub

2. Shew Fao [y(y=a- Fy) DD

3. Show Fa- Ly(y=a- Fy) CD

4, Fa As.

5. Oy(y=a- Fy) ubD

6. T b=a- Fb CD

7. b=a As.

8. Fb DD

0. Fb 74, LL

10. Shoew Ly(y=a- Fy) - Fa CD

11. Oy(y=a- Fy) As.

12. Fa DD

13. a=a RXx.

14. a=a- Fa 11,000

15. Fa 14,13,-0

1 (XOy(Fy - y=x) Pr.

2. [X(Fx& Gx) Pr.

3. Ox(Fx - Gx) ub

4, Shew Fa— Ga CD
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Fa As.
Shew Ga DD
Fb& Gb 2,10
Hy(Fy - y=c) 1,00
Fb 7,&0
Fb - b=c 8,000
b=c 109 - O
Fa- a=c 8,110
a=c 125 -0
c=a 13,Sym
b=a 11,14 Trans
Gb 7,&0
Ga 15,16, LL
~[ XLy ~x=y Pr.
Shoew [XFx o OXFX DD
Shoew [XFx — OxFx CD
[XFx As.
Shew [IxFx uD
Shew Fa ID
~Fa As
Shew x DD
Fb 4,110
Ux~Ly~x=y 1,~[0O
~[y~a=y 10, OO
Uy~~a=y 11, ~[O
~~a=b 12, 00O
a=b 13, DN
~Fb 14,7 LL
X 9,15 x|
Show [IXFx — [XFx CD
LIxFx As.
CXFx DD
STW Fa 18,000
CXFx 20,0
[XFX « OxFx 3,17 < |




